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Abstract
We develop a mesoscopic model for fluid–fluid–solid contact-line motions in the framework of the multi-component lattice
Boltzmann model proposed by Gunstensen et al. [A.K. Gunstensen, D.H. Rothman, S. Zaleski, G. Zanetti, Lattice Boltzmann model
of immiscible fluid, Phys. Rev. A 43 (1991) 4320–4327]. Regarding a solid wall as a motionless and undeformable fluid, this model
can treat both fluid–fluid and fluid–solid interfaces in a unified way. In this research, we investigate fundamental characteristics of
our model, such as the dependency of the slip velocity against the contact angles, and the dynamic contact angles against the static
contact angles, and compare the simulation results with experimental observation in a qualitative sense.
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1. Introduction
The contact line, where a fluid–fluid interface intersects with a solid wall, plays an important role in hydrodynamics
both in our daily life and in industrial processes, such as oil recovery from reservoirs and multi-phase flows in
micro-channels. Simulation methods to deal with contact-line motions have been developed based on macroscopic
hydrodynamic equations. However, there is an inconsistency in the analysis of the dynamic contact line. With the
usual non-slip boundary condition, the fluid velocity on the wall is assumed to be equal to the velocity of the
wall. If this condition was applied, the contact line should not move [2], which is quite different from the actual
behavior of the contact line. To solve this problem, empirical slip models are introduced to the macroscopic simulation
methods including the level-set method [3] and the boundary integral method [4]. Nevertheless, these slip models lack
universality, in particular, in the dependency of the contact angle on the slip velocity.
Recently, the lattice Boltzmann method has also been applied to study the contact-line motions. As a model
based on mesoscopic particles’ motion, it does not need the prescription of the slip velocity on the solid wall.
Instead, some authors [5,6] suggested a boundary condition for order parameters by specifying a contact angle for
the fluid–fluid–solid contact line. In this study, we develop a novel lattice Boltzmann model for contact line through
a different way of thinking. We model the contact-line motion by including terms of interfacial interaction in both
the fluid and the solid phases. In our model, the contact angle is no longer a given parameter, but a quantity that
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emerges from the balance of interfacial tensions between the component fluids and the solid wall. In the sequel, after
explanation and fundamental evaluation of our model, we will show the simulation results of the dynamic behavior of
contact lines of a droplet attached on the wall in shear flow.
2. Simulation model
The lattice Boltzmann method (LBM) [7] is a fluid model with which the macroscopic flow is described by fictitious
particles moving on a regular lattice. The kinetic equation for the fictitious particles is called lattice Boltzmann
equation, which states the time evolution of the velocity distribution of the particles and consists of two processes:
particle translation and particle collision. These processes are modeled in conformity with the molecular dynamics of
real fluids. The application of LBM to the multi-component flow analysis is advocated due to its kinetic description,
and a variety of multi-component models have been already proposed [1,8,9]. In order to shut off the influence from
the finite width of interface and the finite miscibility of different components, the model proposed by Gunstensen
et al. [1] is employed as a basis to study the contact-line motion. With this model, both the sharp interface and the
complete immiscibility can be achieved.
2.1. LB multi-component model
In the multi-component model proposed by Gunstensen [1], states of each component fluid are described by the
velocity distribution function of the underlying particles f σi (x, t), which indicates the number of particles belonging
to a component σ at a site x at time t with a velocity ei . The hydrodynamic variables of the fluids, mass density ρσ
and flow velocity uσ are calculated as the zeroth and the first moments of the velocity distribution functions,
ρσ (x, t) =
∑
i
f σi (x, t), ρ
σ (x, t)uσ (x, t) =
∑
i
ei f σi (x, t). (1)
The temporal evolution of the particles obeys the lattice Boltzmann equation. In the collision process, the velocity
distribution of the particles relaxes to the equilibrium distribution function,
f ∗i (x, t) = fi (x, t)−
1
τ + 1/2 [ fi (x, t)− f
eq
i (x, t)], (2)
where
fi (x, t) =
∑
σ
f σi (x, t), (3)
is the overall number density of particles which possess the velocity ei in the mixture and f ∗i is the post-collision
value of fi . The equilibrium distribution f
eq
i is a discrete version of Maxwell–Boltzmann distribution which can be
derived by the low-Mach number expansion [7],
f eqi = ωiρ
[





−1 fi , (4)








The second term on the right-hand side of Eq. (4) is introduced to take account of the interface tensions between
different fluid components. Unlike the original Gunstensen’s model or its modified version proposed by Dupin [10],
we use the following formulation for the interface tension term.
1 fi = 92ωi
[
ei ⊗ ei − 13 I
]
: T, (6)
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Tσ σ¯ . (7)
The detailed form of Tσ σ¯ will be given later. By calculating the zeroth to second velocity moments of 1 fi , it is
confirmed that mass and momentum conservation are satisfied and that the total stress has no unphysical dependence
on fluid velocity.∑
i
f eqi = ρ,
∑
i
f eqi ei = ρv, (8)∑
i
f eqi ei ⊗ ei = ρv⊗ v+ pI − T. (9)
All the particles, regardless of their species, are involved in the collision process described above. The viscosity of
the fluid mixture is given as µ = ρτ/3 because a 2nd order relaxation process (Eq. (2)) is employed in the model.
Note that Gunstensen-like models may become problematic when different fluid species have different densities and
viscosities. In this research, all the components are assumed to have the same mass density and the same viscosity.
Another issue for the collision process is related to the miscibility among components. After the collision process,
the velocity distribution for the mixture is known, but not for each fluid component. We follow a standard re-coloring
technique [1] to separate the immiscible fluids. For this purpose, the so-called color potential is introduced,
Uσ σ¯ (x) = −Fσ σ¯ (x) · Gσ σ¯ (x), (10)
where




f σ,∗i (x)− f σ¯ ,∗i (x)
}
ei , (11)
is the color flux and





ρσ (x+ ei )− ρσ¯ (x+ ei )
}
ei , (12)
is the color gradient between the species σ and σ¯ . The post-collision velocity distribution for each component f σ,∗i is
calculated such that the color potential is minimized. When this condition is achieved, the color flux is directed to the
same direction of the color gradient, and thus particles of the same color are attracted to one another.
In the advection or the translation process, each particle migrates from its original site to one of the neighboring
sites which can be determined with the discrete vectors of particle velocities,
f σi (x+ ei , t + 1) = f σ,∗i (x, t). (13)
This equation applies to all the components considered.
The interfacial interaction between components σ and σ¯ can be calculated with the color gradient as follows,
Tσ σ¯ = κσ σ¯Gσ σ¯ ⊗ Gσ σ¯ , (14)
where κσ σ¯ controls the strength of the interaction between the components σ and σ¯ . Note that the combination of
Eqs. (6) and (14) leads to,
1 fi = 92ωiκ
σ σ¯ |Gσ σ¯ |2
[
(ei · n)2 − 13
]
, (15)
where n = Gσ σ¯ /|Gσ σ¯ | is the unit vector normal to the interface. This term will bring a perturbation to the particle
distributions such that it increases the number of particles whose velocity is perpendicular to the interface while
keeping the mass and the momentum conservation laws. Using such a term to describe interfacial tension was firstly
introduced by Gunstensen et al. [1] for the D2Q7 model. The current model is an extension so as to be applicable to
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(a) Dupin model. (b) Present model.
Fig. 1. Velocity fields obtained by simulations with (a) Dupin’s model and (b) our model. The drops have approximately the same radius and
pressure differences inside and outside the drops have the same value with a careful tune of the interfacial tensions.
the D2Q9 model. A similar term can be found in the relatively new model proposed by Kehrwald [11], though we
have neglected the normalization of the color gradient Gσ σ¯ simply due to the ease of implementation. Thus, in our
model, the control parameter κσ σ¯ is not the interfacial tension itself. We will discuss this issue in the next section.
2.2. Fluid–solid interface model
At the interface between fluid phase and solid phase, the bounce-back boundary condition is applied for all the
components. So the fluids satisfy the non-slip conditions at the wall.
Additionally, we introduce the color interaction so as to include the fluid–solid interface tension. For this purpose,
the solid wall is treated as a stationary fluid having a constant mass density at the boundary nodes. Thus, the relevant
color gradients can be calculated in a similar way to that of fluid components.
The wetting property of solid can be controlled with the interaction parameters. For example, when the fluid phases
A and B co-exist at the solid wallW , the fluid–fluid interface tension is controlled by κ AB , and the fluid–solid interface
tensions by κ AW and κBW . However, the detailed functional form of the interface tension between the solid and the
fluid phases has not been derived yet.
3. Simulation results and discussions
3.1. Validation of the interface tension model
When an immiscible droplet exists in another fluid, pressure difference between the inside and the outside of the
droplet can balance the interface tension. From the viewpoint of numerical simulation, however, it is not so easy to
realize the balance because of the divergence-type discretization of the surface tension term [11–13]. An unphysical
mass flux, sometimes called the spurious velocity, is generated due to the error in this discretization.
Using the Gunstensen model, the interface can be made very sharp, in the mean time the spurious velocity can
become very large. It motivates us to investigate the spurious velocity in the present model, and compare with that in
the Dupin model [10]. Note that Gunstensen et al. originally used hexagonal lattices, and Dupin et al. modified the
Gunstensen model to use the square lattice.
We simulated the stationary droplet of a radius R = 40 in a 150×150 square box with periodic boundary conditions.
The droplet fluid has the same viscosity as that of the continuous phase, µD = µC = 1/6. We used these parameter
values in both Dupin model and the present model. In Fig. 1, velocity vectors are shown. It can be found that the
spurious velocity of our model is well-suppressed comparing with the Dupin model.
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Fig. 2. Drop radius as a function of positions on the perimeters of the droplets. A strong fluctuation is observed in the result of the Dupin model.
Note that the vertical axes are shifted to have a clearer view.
Fig. 3. Pressure differences inside and outside of the drops are plotted against the curvatures of drops (the inverse drop radius).
In Fig. 2, the droplet radius is plotted as a function of azimuthal angle. Note that the plots are shifted for a clearer
view, so that the left vertical axis is for the Dupin model while the right one is for our model. Obviously, the fluctuation
of radius is smaller in the present model. These results indicate the developed fluid–fluid interface tension model can
make the interface more realistic than the Dupin model.
We further investigated the relationship between the curvature (the inverse drop radius) 1/R and the pressure
difference inside and outside the droplet1P under the condition that the interaction parameter κ is kept constant. The
results obtained with different values of κ are shown in Fig. 3. The symbols are the simulation results and the lines are
drawn as the least-square linear fitting of them. They clearly satisfy the Laplace’s law, 1P ∝ 1/R, for all the values
of κ .
With the use of the Laplace’s law, we can calculate the interfacial tension coefficients σ , and plotted them against
κ in Fig. 4. It is observed that the interface tension σ is almost proportional to the interface tension parameter κ .
The verification of the Laplace law for a single droplet shown above indicates that the developed interface tension
model can handle the interface tension correctly, and that a wide range of values can be chosen for the interface tension
coefficients.
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Fig. 4. The interface tension σ as a function of the interface tension parameter κ .
Fig. 5. The contact angles obtained when different values of fluid–solid interaction parameters, κ AW and κBW are used.
3.2. Static contact angles
To demonstrate the applicability of the developed model for wetting properties, we simulated a droplet attached on
a solid wall, and measured contact angles in the static states.
In Fig. 5, the results are plotted as a function of (κ AW − κBW )/κ AB , where κ AW and κBW are the parameters
for controlling the interfacial tensions between the fluid phase A and the solid wall and that between the fluid phase
B and the solid phase, respectively. Note that the parameter for controlling the interfacial tension between fluid A
and fluid B, κ AB , is kept constant. The solid line is the least-square linear fitting of the obtained data. It shows that
the cosines of the contact angles are in a linear relation with the difference of the interfacial interaction parameters
(κ AW − κBW )/κ AB .
This linear relation found in the simulation may be compared with the Young’s equation [14],
cos θS = −σ
AW − σ BW
σ AB
, (16)
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Fig. 6. The drops with different contact angles.
where σ AW is the interface tension working at the interface between the fluid phase A and the solid wall, and so on.
However, as mentioned before, the relation between κ AW and σ AW (or κBW and σ BW ) is not yet clear, though the
relation has been already established for fluid phases (see Fig. 4). Nevertheless, the obtained results are qualitatively
correct. Therefore, the developed model is very useful to treat the wettability. As examples, we show the shapes of
the droplets in Fig. 6 whose contact angles are 60◦, 90◦ and 120◦ in the steady states. It is also observed that the
fluid–fluid interface draws a fair circular arc, showing the effectiveness of the modeling of interfacial tensions.
3.3. Dynamic contact angles
Droplets attached on a wall in shear flows are simulated to investigate the characteristics of contact-line motions.
We examined the advancing contact angle θA, the receding contact angle θR and the droplet velocity Vdrop when the
shear flows are driven by moving the upper wall at a constant velocity Vwall. As shown in Fig. 7, the advancing contact
angle is defined as the angle measured from the droplet side of the contact line, and the receding contact angle is
defined as the angle measured from the bulk fluid side of the contact line.
Reynolds number and capillary number are defined as follows:
Re = ρUL
µ
, Ca = µU
σ
, (17)
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Fig. 7. A schematic illustration of the simulation geometry. The droplet on the left is in the original shape before the start of flow, while the one on
the right is deformed by the shear flow.
Fig. 8. Droplet shapes in the steady states when Re = 0.6 and Ca = 0.1, simulated with different lattice resolutions. It is observed that the droplet
shapes converge toward the result obtained with the highest lattice resolution.
where µ is the viscosity. The characteristic velocity U is taken as the flow velocity at the top of the drop to estimate
inertial and viscous forces exerted on the drop, and is defined as U = rVwall/2L with the distance between the upper
and the lower walls 2L and the initial height of the droplet r . Note that the periodic condition is used for the lateral
direction.
To confirm the convergence of the developed model, simulations for Re = 0.6 and Ca = 0.1 were carried out on
the following lattice configurations: 32 × 17, 64 × 33, 128 × 65, 256 × 129 and 512 × 257. Note that viscosity was
fixed as µ = 1/6 for all the cases.
Fig. 8 shows the shapes of the droplets in steady states obtained with each lattice configurations. Shapes of all the
droplets are almost the same and it can be found that the droplet shapes converge toward the result obtained with the
highest lattice resolution. To evaluate the convergence quantitatively, the relative error of the arc length,
Earc = L − LrLr (18)








were calculated. Here, the subscript r indicates the reference values, namely the results obtained with the finest
lattice resolution 512 × 257. The summation is taken over the whole corresponding grid points in the coarser lattice
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Fig. 9. The convergence rate for Re = 0.6 and Ca = 0.1. The errors are calculated relative to the results obtained on the 512 × 257 lattice
configuration. The circles are for Eorder, and the squares are for Earc. The solid line shows a reference for the second-order convergence rate.
Fig. 10. Droplet velocity vs. wall velocity.
configurations. To calculate the arc length L , we firstly draw isoline of φ = 0.5 using the Marching Cube method [15],
and sum up the lengths of all the segments.
The relative errors Earc and Eorder are plotted in Fig. 9. The solid line shows the second-order convergence rate.
The convergence rates of both the arc length and the order parameter are a little less than the second order.
Next, we investigated the relationship between droplet velocity Vdrop and the wall velocity Vwall. The simulations
below are carried out under the following conditions, the lattice size is 512× 128, the initial droplet height is r = 32,
the static contact angle is θS = 90◦, the controlling parameter for the fluid–fluid interface tension is κ AB = 0.012,
and the viscosity is µ = 1/3.
The results are shown in Fig. 10. Note that κ AW = κBW = 0 in this case. The motions of the droplet can be
classified into three modes. The first is the stationary mode where the droplet deforms but stays still. Note that the
contact angles θA and θR are changed from the static contact angle θS = 90◦. The second is the slip mode where the
droplet slips and steady states exist for the droplet shape and the droplet velocity. In this region, the slipping velocity
varies linearly to the wall velocity. And the final is the breakup mode where the droplet is divided into two pieces. The
droplet shape in each mode is shown in Fig. 11(a), (b) and (c) respectively.
The relationship between the droplet velocity Vdrop and the dynamic contact angle θA and θR is shown in Fig. 12.
It is observed again that the droplet can stay still even though both contact angles θA and θR deviate from the static
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(a) The stationary mode. (b) The slipping mode.
(c) The breakup mode.
Fig. 11. Three modes of the drop motion are observed in the simulations.
Fig. 12. Dynamic contact angles vs. drop velocity. The fluid–solid interactions parameters are set κ AW = κBW = 0.0, so that the static contact
angle is set to be 90◦.
contact angle θS = 90◦. This phenomenon has been observed in many experiments, and is known as the contact-angle
hysteresis [16]. From the observation above, it can be said that the developed model can reproduce this hysteresis
phenomenon.
To investigate the influence of the fluid–solid interface tension on the contact-angle hysteresis phenomenon, we
performed simulations with the same configurations, but with different controlling parameters for the solid–fluid
interfacial tensions, κ AW and κBW .
Fig. 13(a) and (b) are the results when κ AW = κBW = 0.02 and −0.02. Note that the static contact angles are 90◦
in both cases. There is no significant difference in the advancing contact angles, but the receding contact angles in
Fig. 13(b) are smaller. Hence it indicates that the droplet moves at the same velocity with smaller deformation when
the droplet has smaller interface tension with the solid wall.
From these analyses, we can give the following comments: The static contact angles are determined, following
Young’s formula, from the fluid–fluid interface tension and the difference of fluid–solid interface tensions. On the
other hand, the dynamic contact angles depend not only on the difference of fluid–solid interface tensions but also on
the absolute values of the two fluid–solid interface tensions. The latter statement cannot be verified at the moment,
however, due to the difficulty in measuring the fluid–solid interfacial tensions.
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(a) κ AW = κBW = 0.02. (b) κ AW = κBW = −0.02.
Fig. 13. Dynamic contact angles vs. drop velocity, with different fluid–solid surface tension controlling parameters.
4. Conclusions
Using the developed model for contact-line motions one can reproduce the hysteresis phenomena without the
implementation of the slip model, like what was done in the continuum mechanics based simulations. In addition, it
is shown that the dynamic contact angle depends not only on the droplet velocity but also on the absolute value of the
fluid–solid interface tension. As a preliminary work, we only simulated the contact-line motions in 2D, with a static
contact angle of 90◦. Note that the static contact angle can be varied by adjusting each controlling parameter of the
fluid–solid interface tension independently. Simulations of contact-line motions with different static contact angles in
3D, as well as a further comparison with the experimental and theoretical results will be done in the future work.
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